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Abstract Frustration arises for a broad class of physi-
cal systems where confinement (geometric) or the pres-
ence of a perturbation (kinematic) prevents equilibra-
tion to a minimum energy state. By varying the di-
ameter ratio and packing fraction in granular arrays
surrounding a slowly elongating elastica, we character-
ize the resulting elastogranular interactions taking place
in a transitional, amorphous medium. For low num-
ber density packings prepared with moderate to large
bidispersity, we find the critical injected arclength to
elicit jamming follows the same scaling law observed in
monodisperse arrays. Beyond the jamming point, the
elastica is seen to relax its bending energy within pack-
ings with progressively larger diameter ratios towards
the shape expected when deforming within more fluid-
like media.
Keywords Elasticity · Jamming · Frustrated Systems
1 Introduction
The packing of granular materials has a well-established
history of inquiry, bolstered by theoretical, experimen-
tal, and numerical works aimed at understanding these
far-from equilibrium systems [1,2,3,4,5,6,7,8,9,10,11,
12]. While individual particles/grains are considered
discrete solids, granular amalgams can display a broader
range of behavior, transitioning between liquid, glass,
and solid-like states [13,14,15]. This diverse behavior
provides direct contrast for situations in which granu-
lar matter interacts with a continuum, such as a thin
David J. Schunter, Jr.
1 Mechanical Engineering, Boston University, Boston, MA,
02215, USA
E-mail: djsj@bu.edu
elastic structure. Though in general these coupled in-
teractions are less well understood, they provide a use-
ful connection to many real-world systems. Previous
work on root growth has shed light on granular force-
chain development and propagation [16,17,18,19,20].
The study of burrowing bivalves & crustaceans and of
the locomotive strategies in desert dwelling reptiles [21,
22,23,24] highlights some of the impediments to motion
that are specific to moving in and around granular ma-
terials. Recent inquiries have aimed to create a general
physical framework for these elastogranular phenomena
through the analysis of the large elastic deformations of
thin rods embedded in both horizontal and vertically
oriented granular systems [25,26,27,28]. With previous
investigations either neglecting the role of grain size dis-
tribution or limited to monodisperse arrays, questions
regarding bidispersity and disruptions to crystalline or-
der, remain open.
2 Elastogranular Systems
In this Letter, we consider the buckling and packing
of an elastica within a nearly frictionless, bidisperse
granular bed. Experimentally, an unbent elastica of ini-
tial arclength L0 (equal to the distance separating the
clamped/roller boundary conditions that ensure strictly
planar deformations and permit additional arclength to
enter the system), is confined to deform within 2D ar-
rays of soft hydrogel grains (M2 Polymer & MagicWa-
terBeads). Binary (50:50) mixtures of large (r1) and
small (r2) radii grains, with diameter ratio η = r1/r2,
are randomly placed at equal initial packing fractions
φ0 within the areas {B1, B2} on both sides of the slen-
der structure [see Fig. 1]. Here we consider three diame-
ter ratios, with η ∈ [1.0, 1.2, 1.9], prepared over a range
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Fig. 1 View of experimental set-up. The arclength of a
planar elastica is quasi-statically increased by an amount
∆ within granular monolayers at varying diameter ratio η
(here η = 1.9) and initial prepared packing fraction φ0. The
frames shown above are at the same injected arclength value
∆/L0 = 0.43.
of initial packing fractions. At the start of an experi-
ment (for a granular array with a particular η and φ0),
we begin increasing the arclength quasi-statically in
small increments ∆ (∼ 0.2mm), such that the new, cur-
rent arclength is: L = L0+∆ [Fig. 1 and video S1]. This
allows for the observation of both the onset of buck-
ling and characteristic postbuckling morphologies [Figs.
1(i)-1(iii)] [29]. Using bidispersity as a small perturba-
tion [30] to the fragile, hexagonally-packed states that
arise in monodisperse arrays (η = 1.0; [27]), our aim
is to gradually frustrate this global crystalline struc-
ture to better understand and characterize elastogran-
ular behaviors in systems where the granular medium
acts more like an amorphous solid [31].
3 The Elastogranular Length Scale
To better understand the role of bidispersity within
elastogranular phenomena, we begin by comparing sys-
tems representing two extremes: monodisperse arrays
(where η = 1.0) and arrays with moderate to large bis-
dispersity (η > 1.4; here η = 1.9) [30]. A wide range
of experimental packing fractions (0 ≤ φ0 . 0.89) were
prepared from which to sample. In general, when the
initial packing fraction of an array is below the jam-
ming threshold (φ0 < φj), the dominant system effects
originate with the deforming elastica.
In the present experiments, the evolution of the gran-
ular contact network, (namely, the reconfigurations tak-
ing place due to the lengthening elastica) will not be
completely random, as the preparation history of indi-
vidual packings can allow for small locally crystalline
regions to form [32,33,34,35,36]. However, given the
lack of thermal excitations and the quasi-static nature
of arclength injection, we observe no preferential migra-
tions (i.e. phase separations) of grains towards specific
areas of the system [14,37,38] or dominating behavior
of one grain size over another within the experimental
packings [30].
In the nascent stages of an experiment when ∆ just
begins to increase, the thin structure will buckle into a
single side of the enclosure (either area B1 or B2), even-
tually adopting a mode one postbuckling configuration
defined by a primary amplitude A0 and the critical, av-
erage half-wavelength λc measured at low ∆/L0 [27].
In pre-jamming arrays (φ0 < φj), the elastica will dis-
place grains as additional arclength enters, changing
the underlying area available to the granular medium
and causing a gradual increase in packing fraction on
the side in which A0 grows [Figs. 1(i)-1(iii)]. This side
eventually reaches a jammed state at a critical packing
fraction φj . Critical packing fractions are determined
in separate experiments for each value of η by placing
grains within a rectangular enclosure (as in Fig. 1) with
an adjustable internal area, made possible by a single,
rigid actuating wall of length 2W0. Taking force mea-
surements with a load-cell (Interface) mounted to the
fixed wall opposite the actuating boundary, we deter-
mine φj as the point at which the reaction force within
the granular array is observed to increase rapidly under
continuous quasi-static compression. (See videos S2, S3
and the Supplemental Material in Ref. [27] for movies
of these compression tests). From these experiments,
we find φj = {0.8305±0.0135, 0.8277±0.0134, 0.7950±
0.0110} for η = [1.0, 1.2, 1.9], respectively. At compa-
rable initial packing fractions (φ0 < φj), Fig. 2(a) sug-
gests that even moderate to large (η > 1.4; [30]) bidis-
persity has little effect on a system’s behavior below
and on approach to φj . Nearly equivalent behaviors are
observed between experiments where η = 1.9 (light blue
circles) and η = 1.0 (yellow diamonds; [27]).
To induce jamming in monodisperse packings, we
showed that the critical injection length ∆c, or the elas-
togranular length of this system, can be determined by
approximating the area removed from one side of the
array as being triangular in shape [inset, Fig. 2(b)] [27].
The primary amplitude is connected to the wavelength
by the so–called slaving condition [39,40], i.e. A0/λ ∼
(∆/pi2L)1/2, which provides a convenient way to ap-
proximate the area consumed by the elastica’s defor-
mation as a function of injected arclength. For a fixed
number of grains, the critical injection length is found
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by comparing the area consumed by the elastica with
the area that needs to be removed to induce jamming,
yielding the relation [27]:
∆c
L0
∼
(
L0
λc
)4(
1− φ0
φj
)2
. (1)
We plot this equation in Fig. 2(b) using values of ∆c
experimentally measured in arrays where η = 1.9 (light
blue circles), along with data from [27] (yellow dia-
monds) for arrays where η = 1.0. Below jamming, it
seems that individual packings of bidisperse grains fol-
low the same scaling law as for monodisperse grains.
These results, along with the evolution of φ as a func-
tion of ∆/L0 in Fig. 2(a), indicate that below jam-
ming the elastica is sensitive to the initial packing frac-
tion [27], but insensitive to variability in the grain size
ratio.
4 Elastogranular Frustration
In contrast to the situation below jamming, the be-
havior of packings prepared above φj tends to be dic-
tated by the highly dense granular array [27]. In the
monodisperse case, the elastica is seen to localize de-
formations within a diamond-shaped “lozange” region,
the boundary contour of which is set by the tendency of
the grains towards hexagonal packing, and the length
of which is governed by a characteristic granular length
scale λc, reflecting the extent to which forces originat-
ing with the thin structure may diffuse out into the
medium [27]. In these configurations the elastica is kine-
matically frustrated. With the introduction of bidisper-
sity, where η > 1.0, we begin to observe a qualitative
change in the way curvature κ(s) localizes along the
curvilinear coordinate s of the arclength of the length-
ening elastica.
We quantify this gradual change from over confine-
ment by looking at the elastica’s bending energy [41]:
Ub =
B
2
∫ L
0
κ(s)2 ds, the energy required to bend a
structure characterized by a bending rigidity B = EI,
where E is the material’s elastic modulus, and I is the
second moment of area (given by I = h3b/12 for a beam
of thickness h and width b as measured out of the plane
in Fig. 1). Above the jamming threshold, the dense
granular arrays act as an “effective” elastic medium,
confining the elastica with approximately equal pres-
sure contributions from side B1 and B2. Due to this
assumed average force balance within the granular bed,
we expect the buckling geometry that minimizes bend-
ing energy in the beam to be equivalent to the bending
energy of an antisymmetric, doubly-clamped elastica.
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Fig. 2 (a) Comparison of pre-jamming behavior for both
η = 1.9 (light blue circles) and η = 1.0 (yellow diamonds; [27])
arrays. The dashed-dotted (dashed) lines correspond to the
critical jamming packing fractions φj for η = 1.9 (η = 1.0)
arrays, respectively. (b) The elastogranular length scale ∆c
is observed to hold in bidisperse arrays (η = 1.9, light blue
circles) for φ0 < φj . The dashed line is Eq. (1), plotted with
a slope of 1/2 and the yellow diamonds correspond to experi-
ments with η = 1.0 where the elastogranular length scale was
observed, originally discussed in Ref. [27].
The governing differential equation for this problem is
given by:
ψ′′(s) + γ2 sinψ(s) = 0 ∀ s ∈ [0, L/2], (2)
where γ2 = (P 2 + R2)1/2/B, where P and R are the
axial and transverse reaction forces, respectively, at the
clamped ends [29]. The angle ψ(s) = θ(s)+β defines the
tangent at s relative to β, which is the inclination of P
and R with respect to the axial direction [Fig. 3(c)] [29].
Equation 2 is valid from 0 ≤ s ≤ L/2, as its symme-
try about the inflection point (p) at L/2 reduces the
problem to two equivalent clamped–pinned beams.
The boundary conditions for this reduced problem
become ψ(0) = β and ψ(L/2) = 0, and an additional
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Fig. 3 (a) Comparison of bending energy values. The evolution of the bending energy Ub as a function of injected arclength
is shown for the free antisymmetric elastica (red squares), η = 1.0 (yellow diamonds), η = 1.2 (dark blue triangles), and
η = 1.9 (light blue circles), where φ0 > φj . The solid line is the numerical solution for the ideal case of a doubly-clamped,
antisymmetric elastica when rescaled by the appropriate beam material and geometric properties. (b) For a fixed injection
length L/L0 = 1.25 [dashed vertical line, (a)] in arrays with equal φ0, the dimensionless bending energy, normalized by the
free-case bending energy U0 [red squares, (a)], is observed to decrease as the diameter ratio η becomes larger. (c) Defining the
inclination angles {θ, β}, inflection point (p), and clamped-roller boundary conditions, along with the numerically calculated
elastica profile (at fixed injection length L/L0 = 1.25).
(global) kinematic constraint:
∫ L/2
0
sin(ψ(s)−β) ds, en-
sures the vanishing of transverse displacements at the
clamped end and the inflection point. Solutions to this
system of equations are highly non–trivial (see [29] for
a clear and detailed explanation), and result in para-
metric equations for the in–plane displacements, x(s)
and y(s). For an elastica that is elongating between two
fixed ends, we can multiply the parametric equations by
a scalar Γ that represents an increment in “growth” of
the curve [27], such that
xg(s) = Γx(s) , (3a)
yg(s) = Γy(s) . (3b)
Unlike the symmetric elastica deformation described
in [27], the antisymmetric case depends on two related
angles ψ and β. We used Newton’s method for numer-
ical root finding in the commercial software Mathe-
matica to determine β = f(ψ). The injected length
∆ is found by numerically integrating the parametric
equations 3a and 3b for a range of Γ -values. Finally,
the bending energy of these curves is found by numer-
ically integrating the square of the arc curvature [solid
line, Fig. 3(a)]. By measuring the experimentally ob-
served bending energy in the elastica for representative
runs at each value of η investigated, we can utilize these
numerical results to determine the extent to which vari-
ations in η may drive the elastica towards this assumed
minimal energy configuration [Fig. 3].
To determine the bending energy Ub for experimen-
tal runs, the elastica’s deformation profile is extracted
from each frame of an image sequence and subsequently
discretized using custom image processing code written
in MATLAB. Fitting polygons to these discrete points,
we can obtain a measurement of the analytic curvature
at each point, quantities which are then summed and
squared over the elastica’s arclength. Indeed, in Fig.
3(a) we observe a gradual decrease in Ub as η is made
larger, with Ub[η = 1.9] (light blue circles) less than
Ub[η = 1.2] (dark blue triangles), which in turn is less
than Ub[η = 1.0] (yellow diamonds).
To experimentally verify the model, we also per-
formed experiments for the idealized case of a free anti-
symmetric elastica (with bending energy U0) by artifi-
cially pinning the midpoint at a given current length L,
imaging, and analyzing as in the previous experiments
[red squares, Fig. 3(a)]. The numeric and experimental
values of the antisymmetric elastica, which serves as our
point of comparison by defining an effective continuum
limit (where η >> 1) for more “fluid-like” arrays, are
seen to be in excellent agreement. We expect that this
continuum limit would also be reached at fixed η-values
if the grain sizes were decreased relative to the elastica
thickness. This question could be addressed in a subse-
quent study.
The bidisperse arrays used here lack the global crys-
talline order found in the η = 1.0 case, allowing for
highly localized regions of curvature in the elastica to
relax within the granular medium as opposed to being
confined within a characteristic region. At comparable
injected arclength ∆ and φ0, along with decreases in
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Fig. 4 Granular displacement fields at equivalent initial packing fraction (φ0 = 0.89) and low injected arclength (∆/L0 ≈
0.014). As the diameter ratio η = 1.0 (a) increases to η = 1.2 (b), η = 1.9 (c), the mobility of grains within the monolayer
begins to increase. The crystalline ordering characteristic of η = 1.0 packings (I), which restricts granular motion to small
areas of the array, is disrupted by the introduction of bidispersity [η = 1.2; (II)]. At the largest experimentally tested value of
η = 1.9, the granular displacement field, no longer confined, is observed along the entire length of the elastica (III). We have
outlined one respective size of grain radii used in preparing a specific η-valued array in (b),(c) to aid visualization.
bending energy [Fig. 3(b)], this relaxation manifests as
a difference in the mobility of the surrounding granular
array. We quantify this by tracking the motion of indi-
vidual grains within arrays at each η-value tested [Figs.
4(I)-4(III)]. The elastica must effectively “fracture” the
more solid–like arrays prepared at η ∈ [1.0, 1.2] in order
for additional arclength to enter [Figs. 4(I)-4(II)], re-
sulting in a highly localized granular displacement field
restricted to a small area of the system. In monodis-
perse granular arrays, these high-mobility regions have
been observed to occur in close proximity to any dis-
ruptions of hexagonal ordering [27,42]. This behavior
contrasts what we observe at the largest experimentally
tested value of η = 1.9: the granular displacement field
is no longer confined to a small, characteristic region
and grain motion is observed along the entire extent of
the elastica’s arclength [Fig. 4(III)].
5 Discussion
It is interesting to note that by introducing geometric
frustration (via bidispersity) into the granular medium,
we were able to alleviate some of the kinematic frustra-
tion present in the confined elastica (observed to adopt
a lower energy configuration in Fig. 3). We speculate
the existence of an intermediate range of η-values and
elastica bending rigidity B, such that the relative effect
each element has on the system balances the other. In
this intermediate range, modifications to the rigidity of
the thin elastic structure will hypothetically have the
same effect as an adjustment to η. In practice, there
are certain physics and engineering scenarios where it
may be easier to change the characteristic dimensions of
either the elastic structure or the granular medium. Ad-
ditionally, simple experimental models such as these of
coupled, frustrated systems may provide a novel means
of investigating equipartition in nonlinear systems [43].
A thorough understanding of this energy balancing and
how elastogranular systems can be “tuned” will have
direct applications to the fields of soil mechanics and
civil engineering, and in the development of burrowing
robots or steerable needles.
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